We investigate what we call a conformal β -change in Finsler spaces, namely
Introduction and Notations
Let (M, L) be a Finsler space, where M is an n-dimensional differentiable manifold equipped with a fundamental function L. Given a function σ, the change
is called a conformal change. The conformal theory of Finsler spaces has been initiated by M.S. Kneblman [5] in 1929 and has been deeply investigated by many authors: [1] , [3] , [4] ,... etc In 1941, Randers [9] has introduced the Finsler change r L(x, y) −→ r L(x, y) + β(x, y) where r L is a Riemanian structur and β is a 1-form on M. The resulting space is a Finsler space. This change has been studied by several authors: [7] , [12] ,...etc.
The Randers change has been generalized by Shibata [10] to what is called a β -change L(x, y) −→ L(x, y) + β(x, y)
where L a fundamental Finslerian function. The resulting space known as a generalized Randers space was studied in [13] , [4] , [7] , [11] and [8] ,... etc.
In this paper, we construct a theory which generalizes all the above mentioned changes. In fact, we consider a change of the form
where σ is a function of x and β(x, y) = b i (x)y i is a 1-form on M, which we call a conformal β -change. This change generalizes various type of changes. When β = 0, it reduces to a conformal change. When σ = 0, it reduces to a β-change and consequently to a Randers change.
We obtain the relationships between some tensors associated with (M, L) ( the fundamental tensor, the h(hv) -torsion and the third curvature tensor) and the corresponding tensors associated with (M, * L) . Under the conformal β -change, we investigate some σ-invariant tensors (a tensor K is σ-invariant if * K(x, y) = e σ K(x, y)). This investigation leads us to find out necessary and /or sufficient conditions for the properties of C-reducibility, S 3 -likeness and S 4 -likeness to be invariant under a conformal β -change (cf. theorems A, B, and C).
More investigation and development of this theory will be the object of forthcoming papers.
Throughout the present paper, (x i ) denotes the coordinates of a point of the base manifold M and (y i ) the supporting element (ẋ i ). We use the following notations: 
Conformal β-change
We firstly introduce the following definition
where σ = σ(x) is a function of x and β(x, y) = b i (x)y i is a 1-form, will be called a conformal β-change.
This change generalizes various changes studied by Randers [9] , Matsumuto [7] , Shibata. [10] ...etc.
We assume that * L(x, y) enjoys the same properties possessed by L(x, y). As the Finsler space associated to L is denoted by (M, L), we denote the Finsler space associated to the conformal β−change by (M, * L) . Throughout the whole paper, the geometric objects associated with * L(x, y) will be asterisked.
Definition 2. A geometric object K is said to be σ−invariant if it is invariant, up to a factor e
σ(x) , under a conformal β−change:
The angular metric tensor h ij is given in terms of
Then we have the following
As h ij = g ij − l i l j , equations (3) give us a relation between the fundamental tensors g ij and * g ij :
The relation between the corresponding covariant components is obtained in the
where
Let us introduce the π−vector field
Lemma 2. For a conformal β−change which is not conformal (i,e β = 0 ), m = 0.
In fact , if m = 0, then m i = 0 for all i, and consequently b i = β L l i which implies β = e ψ(x) L, for some function ψ(x).
Lemma 3. The(h) hv-torsion tensor
From the tensor * c ijk , we obtain the following important tensors:
Proof.
-Equation (7) is deduced from the definition of c ijk together with (5) -Equation (9) is deduced by rasing the index k in (7), using (6) -Equation (10) is obtained by contracting the subscript i and the superscript r in (9) -Equation(11) follows from (10) by rasing its subscript, using (6) -Equation(12) follows directly from (10) and (11) by contracted multiplication -Equation (13) is obtained easily from (10) and the definition of c β by contracted multiplication.
Lemma 4.
(a) The relation between * S hijk and S hijk takes the form
(c) The v− scaler curvature tensor is written in the form
(a) From equations (7) and (9) we have * c ijr
Similarly, one can obtain * c ikr * c h r j (by interchange j and k). Hence the result.
(b) follows from (a) by contracted multiplication, using (6) .
(c) is obtained from (b), using (6) again, by contracted multiplication.
Remark . The tensor H ij defined by (15) has the properties:
1. H ij is a symmetric tensor :
H ij is an indicatory tensor :
3. Geometrical properties of the conformal β-change
is called a C-reducible space if the h(hv)-torsion tensor c ijk has the form
Define the tensor
It is clear that K ijk is a symmetric and indicatory tensor. Moreover K ijk vanishes if and only if the Finsler space is C-reducible.
Proposition 1. Under a conformal β-change, the tensor
Proof. Using Equation (7) together with the definition of K ijk ,we get
Now, Proposition 1 yields
Theorem A. Under a conformal β-change L −→ * L, the space (M, L) is C-reducible if and only if the space (M, * L) is C-reducible.
Consequently the C-reducibility property is invariant under this change.
It shout be noticed that Theorem 4-1 and Corollary 4-1 of Shibata [10] result from the above Theorem as a very special case. Some results of Matsumoto [7] are also contained in the above Theorem. 
where M ij is the symmetric and indicatory tensor given by
].
It is clear that η hijk vanishes if and only if the manifold (M, L) is an S 4 −like manifold.
It is not difficult to prove the following.
In fact, the result follows from (12) and (16).
Proposition 2.
Under a conformal β-change, the tensor η hijk is σ−invariant :
Proof. Taking Lemma 4a and Lemma 5 into account, we get
Hence the result. Proposition (2) yields 
It is clear that ζ hijk vanishes if and only if the manifold (M, L) is an S 3 −like manifold Proposition 3. Under a conformal β-change, the tensor ζ hijk is σ−invariant if and
Proof. Using Equation (7) together with the definition of
A β h jh )) + (h jh (H ik − 1 (n − 1)
A β h ik )) + + (h hk (H ij − 1 (n − 1)
A β h ij )) + h ij (H hk − 1 (n − 1)
A β h hk ))]
Now the tensor ζ * hijk is σ-invariant ( * ζ hijk = e σ ζ hijk ) if and only if all terms of the forms H ij − A β h ij
